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Abstract. We give a formula that represents magnetic Berezin transforms associated with 
generalized Bergman spaces as functions of the Laplace-Beltrami operator on the Bergman 
ball of C". In particular, we recover the result obtained by J. Peeter [J. Oper. Theory, 24, 1990]. 
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1 Introduction 



(-| ! The Berezin transform was introduced and studied by Berezin 121 for certain classical 

symmetric domains in C" and next extensively considered in the context of Bergman, Hardy 
and Bargmann-Fock spaces ||4l[7l[TTl. It is closely related to Topelitz operators ||T9| and is 
useful in the quantization theory and corresponding ★-product on a suitable algebras of 
functions as well as in the correspondence principle ©IH. 
^ , This transform is defined as follows. Let Q be a domain of C" with a Borel measure }i 

OO I and Ti a closed subspace of L^{d,d}i) consisting of continuous functions and possessing a 

reproducing kernel •). Then, the Berezin symbol cr[A) of abounded linear operator A on 

H is the function on Q given hy (t{A){x) := (Ae.v,e.,), where £>;,(■) := K{;x)K{x,x)-^/^ G Ti. 
Thus the Toeplitz operator Tj with symbol / G L°°{d) is the operator defined on "H by 

^/(•p) = P{ff)' f ^ 'H, where P is the orthogonal projection from L^{n,,d}i) into Ji. The 
Berezin transform associated to T-L is then defined to be the positive self-adjoint operator 
^ := C7"T, which turns out to beabounded operator on L^{d,K{x, x)dj.i{x)). 
I In this paper, we deal with the Bergman unit ball O = B" in (C", (■,•)) as domain en- 

j_j ■ dowed with its Lebesgue measure d^. Since the Berezin transform can be defined provided 

that there is a given closed subspace of L^(B", dy.) possessing a reproducing kernel, we are 
concerned here with the L^-eigenspaces 

Al'{B") = {(p G l2(B",(1 - |zp)-"-V^); Hycp = elfcp], (1.1) 

associated to the discrete spectrum 

elf =^v{lm + n)-^m{m + n); m = 0, 1,2, • • • , [i/ - |], (1.2) 

of the Schrodinger operator with uniform magnetic field on B" given by 

H„ = -4(1 - N^) \t}h - -:^)^. + - E - ^1=) + -4 + 4vl (1.3) 
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provided that v > n/2. Above [x] denotes the greatest integer not exceeding x. Note that 

for m = 0, the space Aq'^'(B") reduces further to be isomorphic to the weighted Bergman 
space of holomorphic functions g on B" satisfying the growth condition 



\g{z)\'{i-m 



2\2v-n-l 



d}i{z) < +00. 



The associated Berezin transform can be expressed as 



^[cp]{z) 
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(1.4) 



dA^. (1.5) 



n"T{2v - n + 1) 

Moreover, it can be written as a function of the Laplace-Beltrami operator Ab" ( llTSl p. 182]) 



as 



r(a + l + f + iV-AB« - n2 



r(a + l)r(a + n + l) ' ^^'^^ 

where T{x) being the usual Gamma function and a = 2i/ — n — 1 occurring in the measure 
weight of the Bergman space under consideration in p5] by Peeter who derived ilM from 
a formula representing the Berezin transform on the Bergman ball as function of the Ab", 
which was first established by Berezin in |3|. 

Our aim is then to generalize (|1.5| l and (|1.6| l to the case of the spaces in (|l.l|l . We pre- 
cisely attach to each of these eigenspaces a Berezin transform following the formalism 
described above as 



T{n)m\{2{v — m) — n)T{2v — m) 
TT"T{n + m)T{2v — m — n + 1) 



(1- 
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(1.7) 



X R 



{n-l,2[v-m]) I 



(1-2|^|2) <p(?)(l-|?| 



2\-(n- 



where Pm'^\-) denotes the Jacobi polynomial ||TOl . Moreover, we have to prove that such 
transform can also be expressed as a function of the Laplace-Beltrami operator Ab" in terms 
of the 2>F 2-sum as 

2m r(n + /)r (2{v -m)-^ (n- iJ-A^" - 

= c:f u-^yA^ ^ 

j=0 



r [2{v-m) + j (n + iV-AB" -n2 



(1.8) 



X 3F2 



n + zV-Ab« - n^j ,n+i,\ 
{y -m)+i + \in + 



n + zV-Ab" - 



where 



and 



A; = 2-1 



min{m,j) 



{2{v — m) — n)T{n + m) 
m\T{2v -n-m + l)T{2v - n) 

(m!)2r(2i/ - m)T{2v -m + j-p) 



p=max(0,;-m) (/ ' PV-i^ + p - i)\p\{m - p)\I {u + j - p)T{n + p) ' 



(1.9) 



(1.10) 



In particular, when m = 0, the transform (|1.7|l reduces to the well known Berezin transform 
^ in (|1.5|l on the unit ball f2] and the expression (|1.8|) becomes the formula (|1.6|) . 

The paper is organized as follows. In Section 2, we fix some notations and we review 
briefly some needed tools on the bi-holomorphic maps of the ball, the spectral function of the 
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Laplace-Beltrami operator and the Fourier-Jacobi transform of this operator. In Section 3, we 
are dealing with the L^-spectral theory of the Schrodinger operator with uniform magnetic 
field on the unit ball and we are concerned in particular with the reproducing kernels of the 
eigenspaces associated with the discrete spectrum. In Section 4, we construct for each of 
these eigenspaces a Berezin transform that we express in terms of the bi-holomorphic maps 
of the ball. In Section 5, we give a formula representing the constructed Berezin transform 
as function of the Laplace-Beltrami operator. 



2 Some notations and tools 

Here we fix some notations and we recall some needed tools we will be using such as the 
bi-holomorphic maps of the ball, the spectral function of the Laplace-Beltrami operator and 
the Fourier-Jacobi transform. 

2.1 The Moebius group of B". Let C" be endowed with its standard inner product {z, w) = 
ziWi + ZiWi + ■ ■ ■ + ZiW^ for every z = (zi, ■ ■ • ,z„), w = {wi, ■ ■ ■ ,w„) in C", so that 

|z| = Y^(z,z) = v^|zi|2h h |z„|2. We denote by B" = {z E C" : |z| < 1} the unit ball 

of C". The Moebius group of B", denoted Aut(B"), i.e. the set of the biholomorphic map- 
pings (p : B" — > B" (called also the autormorphisms of B") acts transitively on B". For 
fixed a G B", let Pa be the orthogonal projection of C" onto the subspace < a > generated 
by a and let Qh = 7 — Pa be the projection onto the orthogonal complement of < fl > . To be 
quite explicit, we have Pa{z) = {z,a) a/ {a, a) if a ^ and Po{z) = 0. For every a G B", set 

s = (1 — |flp)^''2 and define 

, , a-Pa{z) - (1- |flni/2Q„(z) 

Then, the maps fa have the following properties I1T6| : (i) cpa (0) = a and cpa{a) = 0, (ii) 
^^(0) = -s^Pa - sQa and (p^(fl) = -^Pa - }Qa, (iii) (pa is an involution: cpa {(pa{z)) = z, 
(iv) : B" — > B" is an homeomorphism and belongs to Aut(B"), (v) The Jacobian -j^^ of 
the transformation ^ = ^^(w) is equal to 



\Dw\ 



l2 



n+1 

(2.2) 



and (vi) The identity 

^ ' [1 — {iv,a)) [1 — {a,w')) 

holds for every w, w' eB". 

The elements of Aut(B") are the maps cpa', a G B", and their unitary transformations. 
Indeed, ii xp E AMf(B") and a = xp^^{0), then there is a unique U in the unitary group U{n) 
such that xp = U.cpa- Moreover, in view of (I2.3L xp satisfies the identity 



For our purpose, we will be concerned with the automorphism 

Aziv + z 
+ {iv, z) ' 



A^iv + z 
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where is the n x n matrix given by 



1 zz 

A, := (l-|z|2)2j„ + - (2.6) 



7„ being the identity matrix. 



2.2 The Laplace-Belrami operator. Recall that the Bergman kernel of the unit ball is given 
by 

JC(z,w) = ^ -r, (2.7) 

so that one defines 

= 9,-3y (logK(z,z)) = , ((1 - |z|2) - z,z,) , (2.8) 

where we have used the notation 3;; and 3)t to mean 

9 1/3 .3\ - 3 1/3 .3\ 

3^ = ^ = o ^ and 3^ = = + J 2.9 

with Z)t = Xjt + /y)t G C. Therefore, the Bergman metric on B" defined through 

dsl := J^d.^j logX (K(z,z)) ^i'^j = (1 - |z|2)-2 f^{{l- \z\^)3i,j + z^zy) dz,- ^ dzy, (2.10) 

so that the Bergman ball (B", ds^) carries a Kahlerian structure. The corresponding invariant 
volume measure is 

d§{z) = K{z,z)dV{z) = ^ = (1 - \z\')-("+^)d^{z) (2.11) 

\^\ ) 

and the geodesic distance d{z, w) reads 

The Laplace-Beltrami operator associated to (B", ds^) is defined to be 

Ab" = ^Es^'^jdi = -4(1 - E (^y - (2-13) 

{g'^) being the inverse matrix of (gij)- Note that Ab" is invariant under the action of the 
group SU{n,l) and its spectrum (7-(Ab") in the Hilbert space L-^(B", (1 — \z\'^)^"^^d}i) is 
purely continuous and equals to ] — oo, — n^]. Instead of A^", we have to deal with the non- 
negative elliptic self-adjoint operator — L„ := — Ab" — so that t7"( — L„) = [0, +oo[. Hence, 
for a given suitable real valued function / : R — > R, the operator f {—Ln) is defined by 

/(-L„)[<p](z) := / Kf{z,zv)(p{iv){l-\wf)-"-^d^{iv), (2.14) 

JB" 

whose the kernel function has the integral representation 

/.+0O 

Kf{z,zv) = J Y{z,zv;A)f{A)dA, (2.15) 
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where the spectral kernel is given by ([13, p. 13]): 

|r( 



Y(z, w;A) 



' n+iA -j |4 



■2F1 



n+iA n — iA 
2 ' 2 

n 



sinh^(d(z, w)) 



(2.16) 



47r"+ir(n)|r(zA) 
in terms of the 2ri(-)"Gauss hypergeometric function IITOl . 

2.3 The Fourier-Jacobi Transform. Let us recall that the Jacobi functions are defined by 



i (a + ^ + 1 + zA) , i (a + 16 + 1 - f A) 

OL + l 



The particular case of f = iO and A = i{2n + a + j6 + 1) leads to 



n! 



(« + l)n 



-n, n + a + (6 + 1 — zA 
a + 1 

Pi'^'^' (cos(|20|)). 



sinh^d^l) 



sin^d^l) 



(2.17) 

(2.18) 
(2.19) 



a normalized Jacobi polynomial. We have the following special cases (p\ ^'^ [t) = cos(| Ai|) 
andtf'°)(0 = 

^i(;A-i) (cosh(|2f|)), where Pv{-) is the Legendre function. Now, let us as- 



sume that a > — 1 and /3 G RUz'R, and set 

A,,p{t) := (2sinh(|t|))''^+i (2cosh(|f|))'^+\ 



(2.20) 



Then the Jacobi function cp^^'^^ in (|2.17|) is an even C~-function on K satisfying the second 
order differential equation 



dfi Ac^fi{t)dt 



(2.21) 



with (p^^'^\o) = 1, and is uniquely defined by these properties. Moreover, for a > — 1 and 
/3 G [—a — 1, a + 1] U zIR, we have the integral transform pair 



where 





/(f) = (271)-! r~g(A)</.?'^)(0|c,,^(A)| 
<y 

2'^+^+i-'^r(a + l)r(zA) 



-2 



rfA, 



r (i (a + j6 + 1 + zA)) r (i (a - ^ + 1 + zA)) 



(2.22) 
(2.23) 

(2.24) 



This establishes a one-to-one correspondence between the space of even C°°-functions on ]R 
with compact support and its image under the Fourier-cosine transform, as characterized by 
the classical Paley-Wiener theorem. The mapping f ^ g, which is called the Fourier-Jacobi 
transform, can be extended to an isometry of the Hilbert spaces between Aa^^{t)dt) 

and (r+, {2n)-^ jc^ ft(A) dx) . Note that in the case of a > — 1 and > a + 1, (|2.22|l 
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remains valid except that we have to add to the right hand side of the second formula in 
(|Z23l l the term 

E SWdcfiW, (2.25) 

where Da,^ is a finite subset of /R and the weights d(^^^(A) can be given explicitly. For more 
information on the Fourier-Jacobi transform see Koorn winder's paper ||T2]| and the refer- 
ences therein. 

3 The generalized Bergman spaces A^, (B") 

Associated to the Kahlerian manifold (B", ds^), modeling the complex hyperbolic space 
of negative holomorphic sectional curvature, there is a canonical vector potential 

0(z) = -v/^(3-a)Log(l- |z|2). (3.1) 

Thus, the magnetic Schrodinger operator, describing a charged particle moving in B" under 
the action of the derived magnetic field dO, can be defined as 

Hy := {d + {d + \^v9). (3.2) 

It appears then as the Laplace-Beltrami operator in (|2.13|l perturbed by a first order differen- 
tial operator. Its expression in the complex coordinates is given by ([9]): 

«^ = -<1 - I^P) {tj^:, - + ^ E (^,1- - + "^j +4.^- (3-3) 

Different aspects of the spectral analysis of Hy have been studied by many authors under 
different names and notations (like Maass Laplacians, Landau Hamiltonians, ... ), see for 
example IITSl lTllSl for n > 2 and [|6l[l4| for n = 1. For instance, note that Hy is an elliptic 

densely defined operator on the Hilbert space L^(B", (1 — \z\'^)^"^^d}i) and admits a unique 
self-adjoint realization denoted also by Hy. Moreover, it is a known fact that the discrete 
spectrum of Hy on L^(B", (1 — \z\'^)^"^^d^) is not trivial whenever v > n/2 and consists of 
a finite number of infinitely degenerate eigenvalues of the form 

e)^" :=4v(2m + n) -4m(m + n) (3.4) 

for varying integer m such that < m < v — n/2. The corresponding L^-eigenfunctions, 
i.e., the elements of the space Alf (B" ) in can be written explicitly in terms of the Jacobi 
polynomials Pj'^'^\x) and the complex spherical harmonics W''^{z,z) ||8l[l6l. Namely, from 
||T8l l9ll we check that the functions 

f^'^^{z) := (1 - \z\2y-mpin+p+c,-l,2lv-m]-n)^^ _ 2\z\2)hP [z , z) , (3.5) 

constitute an orthogonal basis of the space in for varying integers p and q such that 
p = 0, 1,2, ■ ■ • , and q — Q,l,2, ■ ■ ■ ,m, whose the square norms in L^(B", (1 — \z'\^)^'^^^ dji) 
are given by 

n"T{n + m + p)r(2i/ — n — m — q + 1) 



(3.6) 



2n!(2[i/ — m] — n){m — q)\T{2v — m + p)' 

Furthermore, the space Am^'{B") is a reproducing kernel Hilbert space, i.e., for every fixed 
z G B", there exists a function KJ^, ^ belonging to this space such that 

/(z) = {f,Kl,) = f xr/(z,a;)/(a;)(l - \z\')-"-'dii{w) (3.7) 
Jb" 
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for every / G Am^{B"), where we have set Km"{z,zv) = _K|^, 2(w). Its expression is given in 
terms of the hyperbolic distance in (|2.12|) as 



K^f\z,zo) = 7r (cosh(d(z,z.)))-^(^-'«) (3.8) 

X p(;'-i'2[v-m]-.) (^1 _2tanh2(d(2,^i;))) , 

where 

^v,„ ^ {2{v-m)-n)I{2v-m) 

7r'T(2v - m - n + 1) ' ^ ' 

For m = 0, the L^-eigenspace associated to the bottom eigenvalue e^'" = 4vn is isomorphic 
to the usual weighted Bergman Hilbert space of holomorphic functions g on B" such that 
(|1.4|l holds. The corresponding reproducing kernel reads 



(2v - n)T{2v) ( _-^^\ 
7T"T{2v -n + 1) 



= d^n^7^;:7-4^( cosh{d{z,w)) ) . (3.10) 



Definition 3.1. Assume that v > n/2 and let m he an integer such that Q < m < v — n/2. Then 
the space ^^'^(B") is called here a generalized Bergman space of index m. 

4 Generalized Berezin transforms on the unit ball 

We adopt to the formalism presented in Section 1 to the case of the Bergman ball Q = B" 
as domain of C" and ^^""(B") as a closed subspace of L^{B", (1 - \z\^)-"-^d^). Then, the 
Berezin symbol of a bounded operator A on J^[W^) is the function 



c7,„(A)(z):=(A X„, AK,A ) ; ZGB". (4.1) 

Here (i<Cm)z denotes the normalized reproducing kernel with evaluation at z, that is 

V l^m (Z, Z) 

where Km\z, w) is given in (13.81 1. Therefore, for given complex-valued function (p such that 
G L^(B", (1 — \z\'^)^"^^dji), the Berezin transform of (p is defined to be the Berezin 
symbol of the Toeplitz operator Tm{^) with symbol (p defined on Am'^{B") by Tm{(p) [f] : = 

Prn[(pf]. That is. 



[cp] (Z) = (T,n{Tm{cp)){z) = [T,n{(p) (^K„, j ^ , j J = (^P„ ((p. J , (^K„,j J . (4.3) 

By expressing (14.31 1 as an integral, we get 

^m[(p]{z)= f B„,{z,w)(p{w){l-\wf)-"-^d^{w), (4.4) 

JB" 



where 



B,„{z,zv):=^-^^^, z,wEB". (4.5) 
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Explicitly, 

B,„{z,w) = ^'f^^l , 7r/' (cosh rf(z, w) ) (pi'^-^'^I"-"']) (l-2tanh2(d(z,ii;))))'. 



r(m + n) 



(4.6) 



where 7^'" is as in (I3.9I I. We then state the following 

Definition 4.1. Lef m = 0,1,2, ■■ ■ ,[v — j] and let jlf as in (|3.9|) . Then, the integral operator 
acting on cp e L"" (B") as 

m\T{n] 



X (pir^'^t^'-'"!) (1 -2tanh2(d(z,zt;))))'</)(w) (l - \zv\y''d^{w). 

is called the generalized Berezin transform of index m. 

Proposition 4.2. The transform =^„, defined in (|4.7|l can be written as 



(4.7) 



m\Y{n) 



X (pi"-^''[^-"])(l - 2|zi;|2))'<^ (<p,(zi;)) (1 - \w\^)—^d^{^v), 



(4.8) 



w/zere cpziw) is as in 02.51 1. 

Proo/. Fix z G B" and set w = <Pz^{^), where (pz{'^) is as in \2.5) . We have (pz G Auf(B") and 
cpz (0) = z. The quantity in the right hand side of (|4.8|) reads, in terms of ^, as 



r(m + n)^'" V 



2(v-m) 



(4.9) 



X P 



,(tt-l,2[i/-m]) 



1-2 



-n-1 



By writing down the identity (|2.4|) for xp = cp^^ and = zi;', we get 



2_ (i-izp) 



cosh-^(d(z,^)) = 1 - tanh^(d(z,^)). (4.10) 



Also, by making use of (|4.11|) giving the explicit expression of the Jacobian of the transfor- 
mation ^ = (pz{zv) is given through (|4.1Hl , we see that 



(i-|<p-Hof) " 'd/.(<p-H?)) = (i-l'Pz-H^)f) 

= {i-\^f)-"-'dii{o. 

Therefore, the expression in (14.91 1 can also be written as 

2\ \ 2(v-m) 



-n-1 



\Diu\ 



m\T{n) 
r(m + n) 



Im 



(1-|Z|2) (1-I^P 



(4.11) 



(4.12) 



X (pir-^'^[''-"']) 



l-2tanh^(^f(z,0)))>(?) (l-|^|2)-"-'4,(^) 
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or equivalently as 



r(m + n) 



(coshrf(z, ^)) 



-4(i'-m) 



X P, 



j{n-l,2[v-m]) 



(4.13) 



□ 



which is exactly the expression of as defined in (|4.7|l . 

5 AS FUNCTION OF THE LAPLACE-BELTRAMI OPERATOR 

Our task here is to express the generalized Berezin transform as a function of the 
Laplace-Beltrami operator Ab" • Precisely, we establish the following result. 

Theorem 5.1. Let m = 0,1,2, ■ ■ ■ ,[v — j]. Then, the transform SSm defined in (|4.7[) can he ex- 
pressed in terms of the Laplace-Beltarmi operator Ab" as 



2m T{n+i)T {l{v-m)-\ (n - zV-Ab- - 

M Y(2{v-m)+i + \ n + iV-AB" -n2 



zV - Ab" - n^] ,n+i,\[n + zV-Ab« - n^ 



where 



{v -m) +i + \[n + jV-Ab" - j / n 
(2(1/ — m) — n)r(n + m) 



^ ^ {] — p)\{m + p — j)\p\{m — p)\T{n + j — p)I{n + p) 



m\T{2v — n — m + l)r(2v — n) 

""^('"'^■^ {m\fT{2v - m)T{2v -m+j-p) 

p—max(0,j—m) 



(5.1) 



Proof. On one hand, the transform is the integral operator 

[9] (z) = / B„,{z,w)(p{w){l - \iv\^)-"-^dp{w) 

JB" 

with the kernel function 

B,n{^,u^) = j^|;j^7r/(cosh(p))-4(-"^^ (p(-U[.-H) (1 _ 2tanh^(p)))', (5.2) 

where p = d{z,w) and 7^" is as in (|3.9| l. On the other hand, from (|2.14|l combined with 
(|2.15| l, we obtain 

/(-Ab« - n^Miz) = J^^_ (^j^^^{z,w;X)f{X)d?^ q>{w){l - \w\^)-''-^ dpiw) , (5.3) 

Y(z, w; A) being the spectral function given in (|2.16|) . Now, by equating (|5.1|l and \53) we 
get 

/.+00 

Y(z, w; A)/(A)rfA = B,„(z,w) 
by uniqueness of the kernels. Explicitly, 



(5.4) 



|r(/A)p 



iFi 



2 ' 2 

n 



sinh^(iD) 



/(A)dA = Mp), 



(5.5) 



(5.6) 
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where h is used to represents the function 47r"+^ra!r(n)B,„(z, iv), i.e., 

He) := ^^i^lf^yS- (coshCrt)-*'-"' (P,r ■•^"-"'-'(1 - 2,anh^(rt))' 

To determine the function / we need to invert the integral equation (|5.5|l . For this, we make 
appeal to the Fourier-Jacobi transform 

(5.7) 



(5.8) 



as defined in (|2.22|l by 

g{A) = JJ^ h{t)<p[''f'\t)A,,^{t)dt. 



Its inverse is given by 



(5.9) 



For a = n — 1, j6 = and f = p, the involved quantities (p''^'^\t), A„^^(f) and Ca,^(A) given 
respectively by (IZlTll . (l220ll and (l224ll read 



^,^(n-zA) 



sinh^(p) 



K-i,o{p) = 2cosh(p)(sinh(p))2"-i 
2"-'^r(n)r(fA) 



Cn-i,o(A) 



(5.10) 
(5.11) 
(5.12) 



Therefore, (|5.5|l can be rewritten in terms of (p) and c,,_i,o(A) as 



i- /^"/(A)</>i"-i'°)(p)|c„_i,o(A)r'dA 
2tt Jo 



27r22"r2(n 



(5.13) 



In view of the transform (|5.8|l , the function / takes the form 



/(A) 



27r22"r2( 



l;^J^^~Kp)'/'r''°'(p)A„-i,o(p)dp. (5.14) 



Substitution of h{p), ^'^'(p) arid A„_i o(|0) by their explicit expressions, as given by (I5.6L 



(|5.10|l ad (|5.11|) respectively, yields 

"+00 



2 tt" ' 



2F1 



n+iX n — i A 
2 ' 2 

n 



sinh^(|0) 



(5.15) 



X (sinh(p))2"-^(cosh(p)) 



4(i/-m)+l f -p(n-l,2{v-m)-n) 



(1 -2tanh2(p))) dp. 



By the change of variable x = sinh^(p). Equation (|5.15|l becomes 



/(A) 



r(n + m) 



/ m 



/.+00 


n+iA n — iA 




/ 2ri 


2 ' 2 


— X 


/o 


n 





(5.16) 



X x"-'{i + xy 



-2(v-m) I p(n-l,2{v-m)-n) 



1-X 
1+X 



dx. 
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Next, we adopt a formula of the product of two Jacobi polyriomials llTl Eq (10), p. 648] to 
write that 



l,2(y— m)— n) 



1-X 

1 + x 



1-x 



+ x 



where 



min(m,/) 

' p=mat(o,/-m) ' PV-im + p - i)\p\{m - p)!r(n +/ - p)r(M + p) 



(ra!)2r(2i/ - m)T{2v -m + j -p) 



Inserting (I5.17I I into (I5.16L we arrive at 



2m 



/(A) = 7r"7;;;'T(n + m) {-2)' A,-7,,(A), 



(5.17) 



(5.18) 



(5.19) 



/.+CO 


n+iA n — iA 




/ 2F1 


2 ' 2 


— X 


Jo 


n 





where 

Using the integral representation for the iFi-sum ITOj p. 1005]: 
2/^1 



x"-^+i {1 + x)-^^'-"'^-' dx. (5.20) 





z 







(5.21) 



where B{-,-) is the Beta function, for the special case of a = ^ = 7 = n and 

z = — X, it follows 



4,;(A) 



r(n) 



n+;'A 



n+iA) 



f — -^(1 - t)^-' (1 + ix) — dt 



r (^)l ^0 

T(n) n-iX 1 . . n+iA i ^„ , . , 

^ ' I t — '\^-t)—'^Q:,m,j,A{t)dt, 



|r(^)P 



(5.22) 



where 



Making use of the identity HOl p.317]: 

x^°-\\ + x)''(l + ccxfdx = B{\Q,-{a + h)- \o)2Fi 



-h, Ao 

-{a + h) 



I- a 



(5.23) 



(5.24) 



requiring that |arg(a)| < n and — + b) > K(Ao) > that are both fulfilled when 

\q = n + j, a = —2{y — m) — j,h = — {n + iX)/2 and oi = t, we get 



z A — M 



Qv,M,M(f) = S « + 7.^^+2(t/-m) 2ri 



n^ + 2{v-m)+i 



1 - 7 



By inserting (|5!25)l in (|5!22|) , we see that 



r(n) 



/A — n 



^2-5 ( n + y,^— +2(i/-m) 



. (5.25) 



(5.26) 



/ n-iA ■] , , fi + ;A -1 



n+iA 



2{v-m)+i 



1 - t 



dt. 
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The change of the variable 1 — t = u and the use of the formula IITOl p. 813]: 



[\''-\l-uf-\Fi 
Jo 





u 







r(fl + b) 



a., fi,a 



(5.27) 



K(fl) > 0, 3?(b) > and K(b + 7 - a - ^) > for a = b = a = = n+j 

and 7 = ^ +2{v-m)+ j, yield 



= B ( n + + ^ + 2(1/ - m: 



(5.28) 



'-^ + 2{v-m)+i,n 



Finally, we arrive at 

/(A) 



(2(i/-m) -n)r(n + m) / /a - n ^, 



m\T{2v - (n + m) + l)r(2i/ - m) 



X 2 



n+iA „ I ,■ ?i+iA 

2 r \ ]/ 2 

^ + 2(v-m)+;,n 



(5.29) 



Replacing A by a/— A^" — and expressing the Beta function in terms of Gamma functions 
we obtain the announced formula. □ 



6 The case ra = 

In this case, the transform ^0 turns out to be the well known Berezin transform related 
to the Bergman ball of C" 



with the kernel function 



Iv 



Based on a formula due to Berezin ||3j p. 377], a formula expressing ^ as a function of the 
Laplace-Beltrami operator Ab" has been derived by Peeter HTS] p. 182] as 



(6.3) 



r(a + l)r(a + n + l) 

There a = | — n — 1 occurs in the measure weight of the Bergman space considered in 
The result we obtain recovers the Peeter 's one by taking m = and <x = 2v — n — 1 (i.e., 

^ = 2v). Indeed, we establish the following 
Proposition 6.1. For m = 0, the function in ^5.29} reduces to 



\T{2v- 



Af-^) = r(2v-„)r(2v) - 
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Proof. For m = 0, the expression in (|5.29|) reads 

{2v-n)T{n) r(n)r 



/o(A) 



2v) 



r(2v-n + l)r(2v) r(2i/ + i^) 

n+iA ^ n+iX 
X3F2 ' 



-Ao 



(6.5) 



n+i\ „ n+i'A 
2 ' 2 

2 



2i/,n 



Now, according to the expression of Aq given through dS.lSI l as 



V r(n) y 



together with the equality between the hypergeometric series 3F2 and 2F1: 



3F2 



a, b,c 
d,e 



2F1 



in the particular case when c = e, it follows that 

(2v - n)r(2i/) r (2t/ + 



/o(A) 



a, b 
d 



(6.6) 



(6.7) 



r(2i/ - n + 1) r (21/ ^ — 

Next, by applying the Gauss theorem [lOj p. 1008] 

r 1 _ r(7)r(7-^-/3) 
[7 J r(7-a)r(7-/3)' 

whenever 3^(7 — u — j5) > 0, 7 7^ 0, —1, —2, • ■ • , we arrive at 

(2t/-n)|r(2t/-^)P 

r(2i/ - n + i)r(2v) ■ 

Making use of the identity r(x + 1) = xT{x) leads to 



n+iA n+iA 
2 ' 2 



(6.8) 



/o(A) 



r 2v 



n — iA' 



r (21/ -n)T (2v) ' 



This ends the proof. □ 

As consequence, replacing A by a/— Ab« — in the result of the previous proposition 
yields get (|6.3| |. 
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